ABSTRACT. We show that there exists a natural extention of the sum of divisors function to all unique factorization domains F having a finite number of units such that if a perfect number in F is defined to be an integer r/ whose proper divisors sum to % then the analogue of Euclid's theorem giving the sufficient condition that an integer be an even perfect number holds in F, and an analogue of the Euclid-Euler theorem giving the necessary and sufficient condition that an even integer be perfect holds in those domains having more than two units, i. e., in Q(/:]) and
THEOREM E-E. A rational integer n is an even perfect number iff there exist rational primes p and 2 p-such that n 2P-1(2 p-1).
It is the analogue of this theorem which reason would suggest must be provable if an extension of the sum of divisors concept to an algebraic number field is to be accepted as valid and appropriate. Indeed, nearly all researchers who have examined this problem and have obtained publishable results have considered the existence of perfect numbers in the field.
That the analogue of Theorem E-E has not been proven in an algebraic extension of Q (this is not quite true--see our comments below) is related to two problems which arise.
TiLe first of these is that each of the concepts "positive", "sum of divisors", "Mersenne number", "perfect number", and "even" must have a counterpart in the algebraic extension of Q which is reasonable and "natural" in some sense. A moment's reflection reveals that there may be several reasonable ways to define each of these concepts, so that many combinations of the definitions are possible. This problem was discussed by Spira [3] whose definitions in Q((i-) of "s,um of divisors" and "Mersenne number" we have used in constructing our definitions in this paper. Spira proved an analogue of Euclid's theorem stating the well-known sufficient condition that an even integer be a perfect number; using Spira's definitions, the author of this paper subsequently proved [4] an analogue of Euler's converse, subject to the restriction that the perfect numbers considered are primitive, i. e., not divisible by any other perfect number. (All perfect numbers in Q are, of course, primitive.) While these results come close to meeting the criteria that the concepts have been appropriately defined in an algebraic extension of Q, they appear to fail in one important respect. As W. D. Geyer [5] has properly mentioned in his review of Hausmann and Shapiro's article [6] , "Spira has generalized the notion of a perfect number to elements of Z [i] in a certain artificial way...". A perfect number had been defined as one whose divisor sum equals the product of the prime of least norm and the number itself.
However, there is implicit in Spira's definition a relationship which makes his definition of perfect number much less artificial than might appear. We will discuss this point more fully in section 5.
The second problem encountered by the researchers who have examined the question of whether an analogue of Theorem E-E can be proved in Q(4I-), and which is, in fact, encountered in any unique factorization domain K having a finite number of units, is that Euler's proof ([7] , p. 88, or see [8] ) that all perfect numbers are of the form 2P-1(2 p-1) for primes p and 2 p-1, and the variation of Euler's proof (apparently due to Dickson [9] ) which appears in most introductory number theory texts, do not generalize to K. This is related to the fact that the sum of the divisors of a rational integer exceeds any partial sum of its divisors, whereas in K, the sum a of the divisors of an integer may be "closer" to zero than a partial sum of its divisors. (This is under the assumption that a is a mapping from K into K.) As an example, using Spira's definition of a in Q(i-) (see our Definition 2), Ia((1+2i)2)[ 3J-7, whereas a((l+2i)2) 11
In this paper, we overcome each of these difficulties to show that there exists a very nice---and very natural--extension of the sum of divisors function and the other concepts mentioned above to all unique factorization domains having a finite number of units which yields the analogue of Euclid's theorem stating the sufficient condition that an integer be a perfect units (i. ,.. in QIv/z-) and Q(qr5)). Resoluli The reader will note that if F is Q, Definitions through 6 are the familiar definitions of the corresponding concepts in Q provided E-perfect and O-perfect are read as even perfect and odd perfect, in Definition 5 (except that in addition to defining a in the usual way if r/ is a positive rational integer, we have, also, defined a for r/ negative in Definition 2). Theorem is Euclid's theorem in Q, and Theorem 2 is Theorem E-E. While these definitions are, for the most part, quite natural, alternate definitions are possible, and some have been employed with partial success in previous investigations. The rationale for our choices goes beyond the desire to extend the concepts in a natural way, however, and we shall see that alternate reasonable choices for the definitions do not lead to fully satisfactory analogues of Theorem E-E.
The Set P. In Q(fT) (whose units are 1, i), P has been defined to be the first quadrant of the complex plane including the positive half of the real axis and excluding the imaginary axis, in Q(4-) (whose units are :1, 2 and-1 +2 ..v.3), p is the first sextant of the complex and plane including the positive half of the real axis and excluding the axis y qrx; all remaining fields have only the units and-1, and in these fields P is the upper half-plane including the positive but not the negative real axis.
It will be seen in Section 6 that an analogue of Euler's converse of Euclid's theorem requires that the primes r in P satisfy the condition that I]a(rk)/l] > 1. It is well-known that this inequality holds in Q, and Mitrinovic ([10] , p. 140) proved that it holds for c any complex number such that Re a >_ 1; it, in fact, fails to hold for infinitely many powers of each complex number a such that Re a c < 1. Our definition of P assures that in Q(qr-) and Q(q-) this inequality holds for r E P; If F Q, Q(q-), or Q(.,f:), no choice for P such that r P : Ila(rk)/rk[I > is possible, since, in each of these fields, there exist integers both of whose associates have their real part < (suggesting the reason for the failure of the Euler converse for these fields). Definition was motivated, also, by the fact that in Q(q-), P contains two primes r such that r-is a unit--the validity of the analogue of Theorem E-E for each of the primes r demonstrates the essential nature of the conccl)t "even", as we have extended it.
An alternate choice for P which has been made in at least one investigation of perfect numbers in Q(fz]-) (Randall, [11] ) involved choosing P so that the positive real axis is an axis of symmetry for P. With 
The concept of "evenness" in F may be defined by any one of the following: n is even if n is even if n is divisible by the prime factor of 2 of least norm; n is even if n is divisible by the prime in F of least norm; n is even if n is divisible by a prime of the form 1 + u where u is a unit.
While these definitions ate equivalent in Q, it is toa,lily seen tiat lwy ae ot equivalent in, for exanple, Q(/i) and Q(/s?). We have not 'ho.(,n Io extond the co)<'('l)t ()f "erectness" by sing any of the first three definitions because, in each ('a.c PROOF. Since [[r[[ I[x + Yqt:$[I and [[a(rt) 
E-PERFECT NUMBERS IN Q(/-).
In this section, we shall complete the proof of Theorem 2.
The Form of E-Perfect Numbers in Q(I). It is clear that Theorem 2 is now essentially proved. Section 4 and the necessity is a consequence of Theorems 4 and 5.
The sufficiency was shown in 7. CONCLUDING REMARKS.
We have indicated, in Section 3, that the concept "even integer" was not defined in F in part because the laws of parity fail to hold in Q(.,/:). That is, if one defines r/ to be an even integer iff r It/, where r / u (u a unit in P), then the sum of two odd integers may be odd in Q(/sJ). (Another reason is that for r (3 + /:-g)/2, in Q(/z-J), 2 is an odd integer!) Because many of the results concerning the form or existence of odd perfect numbers in Q are based on the inequality which we have extended to F in Theorem 3, it is anticipated that the analogues of these theorems can be obtained in Q(vi-) and Q(.,-) using the concepts of this paper.
